Abstract. The object of investigations are almost contact B-metric structures on 3-dimensional Lie groups considered as smooth manifolds. There are established the existence and some geometric characteristics of these manifolds in all basic classes. An example is given as a support of obtained results.
Introduction
The differential geometry of the almost contact metric manifolds is well studied (e.g. [2] ). The beginning of the investigations on the almost contact manifolds with Bmetric is given by [5] . These manifolds are the odd-dimensional counterpart of the almost complex manifolds with Norden metric [4, 6] , where the almost complex structure acts as an anti-isometry on the metric. Almost contact B-metric manifolds are investigated and studied in [5, 12, 13, 14, 15, 16, 17, 19 ].
An object of special interest is the case of the lowest dimension of the considered manifolds. Curvature properties of the 3-dimensional manifolds of this type are studied in [11, 18, 20] .
The basic problem considered in this work is the existence and the geometric characteristics of almost contact B-metric structures on 3-dimensional Lie algebras. The main result is a construction of the considered structures and their characterization in all basic classes of the almost contact B-metric manifolds in the classification given in [5] .
The present paper is organized as follows. In Sect. 1 we recall some facts about the almost contact B-metric manifolds. In Sect. 2 we construct different types of contact structures on Lie algebras in dimension 3. In Sect. 3 we consider an example in relation with the investigations in the previous section.
1. Preliminaries 1.1. Almost contact manifolds with B-metric. Let (M, ϕ, ξ, η, g) be an almost contact manifold with B-metric or an almost contact B-metric manifold, i.e. M is a (2n + 1)-dimensional differentiable manifold with an almost contact structure (ϕ, ξ, η) consisting of an endomorphism ϕ of the tangent bundle, a vector field ξ, its dual 1-form η as well as M is equipped with a pseudo-Riemannian metric g of signature (n + 1, n), such that the following algebraic relations are satisfied [5] :
(1) ϕξ = 0, ϕ 2 = − Id +η ⊗ ξ, η • ϕ = 0, η(ξ) = 1, g(ϕx, ϕy) = −g(x, y) + η(x)η(y),
where Id is the identity and x, y are elements of the algebra X(M ) of the smooth vector fields on M .
Further x, y, z will stand for arbitrary elements of X(M ) or vectors in the tangent space
The associated metricg of g on M is defined byg(x, y) = g(x, ϕy) + η(x)η(y). The manifold (M, ϕ, ξ, η,g) is also an almost contact B-metric manifold. The signature of both metrics g andg is necessarily (n + 1, n). By ∇ and∇ we denote the Levi-Civita connection of g andg, respectively.
A classification of almost contact B-metric manifolds is given in [5] . This classification, consisting of eleven basic classes F 1 , F 2 , . . . , F 11 , is made with respect to the tensor F of type (0,3) defined by
The following properties are valid:
The intersection of the basic classes is the special class F 0 determined by the condition F (x, y, z) = 0. Hence F 0 is the class of almost contact B-metric manifolds with ∇-parallel structures, i.e. ∇ϕ = ∇ξ = ∇η = ∇g = ∇g = 0.
If {e i ; ξ} (i = 1, 2, . . . , 2n) is a basis of T p M and g ij is the inverse matrix of (g ij ), then with F are associated 1-forms θ, θ * , ω, called Lee forms, defined by:
Further, we use the following characteristic conditions of the basic classes [9] :
(2)
+ g(x, ϕz)θ(ϕy) + g(ϕx, ϕz)θ(ϕ 2 y) ;
F (x, y, ϕz) + F (y, z, ϕx) + F (z, x, ϕy) = 0, θ = 0;
F (x, y, ξ) = −F (y, x, ξ) = −F (ϕx, ϕy, ξ);
F (x, y, ξ) = F (y, x, ξ) = F (ϕx, ϕy, ξ);
F (x, y, ξ) = −F (y, x, ξ) = F (ϕx, ϕy, ξ);
Let now consider the case of the lowest dimension of the manifold (M, ϕ, ξ, η, g), i.e. dim M = 3.
Let us denote the components F ijk = F (e i , e j , e k ) of the tensor F with respect to a ϕ-basis {e i } 2 i=0 = {e 0 = ξ, e 1 = e, e 2 = ϕe} of T p M , which satisfies the following conditions (3) g(e 0 , e 0 ) = g(e 1 , e 1 ) = −g(e 2 , e 2 ) = 1, g(e i , e j ) = 0, i = j ∈ {0, 1, 2}.
According to [8] , the components of the Lee forms with respect to a ϕ-basis with conditions (3) are
Then, if F s (s = 1, 2, . . . , 11) are the components of F in the corresponding basic classes F s and x = x i e i , y = y j e j , z = z k e k are arbitrary vectors we have [8] :
Obviously, the class of 3-dimensional almost contact B-metric manifolds is 
On any F 0 -manifold we have (7) R(x, y, ϕz, ϕw) = −R(x, y, z, w).
Any (0,4)-tensor having the properties (6) is called a curvature-like tensor. If such a tensor has the Kähler property (7) it is called a Kähler tensor.
From [18] it is known that every Kähler tensor on a 3-dimensional almost contact B-metric manifold is zero and therefore every 3-dimensional F 0 -manifold is flat, i.e. R = 0.
The Ricci tensor ρ and the scalar curvature τ for R as well as their associated quantities are defined respectively by
Further, we use the notation g h for the Kulkarni-Nomizu product of two (0,2)-tensors, i.e.
Obviously, g h has the properties of R in (6) when g and h are symmetric.
It is well known that the curvature tensor has the following form on any 3-dimensional manifold:
Every non-degenerate 2-plane β with respect to g in T p M , p ∈ M , has the following sectional curvature
where {x, y} is a basis of β.
A 2-plane β is said to be a ϕ-holomorphic section (respectively, a ξ-section) if β = ϕβ (respectively, ξ ∈ β).
Lie Groups as 3-Dimensional Almost Contact B-Metric Manifolds
Let L be a 3-dimensional real connected Lie group, and l be its Lie algebra with a basis {E 0 , E 1 , E 2 } of left invariant vector fields. Let an almost contact structure (ϕ, ξ, η) be defined by
and let g be a pseudo-Riemannian metric such that
Then we have a 3-dimensional almost contact B-metric manifold (L, ϕ, ξ, η, g).
The corresponding Lie algebra l is determined as follows:
Applying the Jacobi identity
from the nine commutation coefficients C k ij remain six which could be chosen as parameters, so the three coefficients with different indices are expressed by the six parameters (if the denominators are non-zero) as follows: The Koszul equality
implies the following formula for the components
, of the tensor F :
Then we have (13)
For the Lee forms we obtain (14)
Using (4), (13) and (14), we deduce the following Theorem 2.1. The manifold (L, ϕ, ξ, η, g) belongs to the basic class F s (s ∈ {1, 4, 5, 8, 9, 10, 11}) if and only if the corresponding Lie algebra l is determined by the following commutators:
where α, β are arbitrary real parameters. Moreover, the relations of α and β with the non-zero components F ijk in the different basic classes F s from (4) are the following:
F 8 : α = −λ;
Let us remark that an F 0 -manifold is obtained when the Lie algebra is Abelian, i.e. all commutators are zero. Further, we omit this special case. Bearing in mind (10), (11) and (16), we obtain that g is Killing if and only if the equalities C The vector field ξ is called Killing, if the Lie derivative with respect to ξ of the metric g is zero, i.e. L ξ g = 0. Then the manifold (L, ϕ, ξ, η, g) is called a K-contact B-metric manifold. This condition is equivalent to (∇ x η) y + (∇ y η) x = 0, which is satisfied for any manifold in F 1 ⊕ F 2 ⊕ F 3 ⊕ F 7 ⊕ F 8 ⊕ F 10 for arbitrary dimension, according to (2) . Then, bearing in mind (5) -the class of the considered manifolds of dimension 3, we get Theorem 2.6. The vector field ξ is Killing if and only if (L, ϕ, ξ, η, g) ∈ F 1 ⊕ F 8 ⊕ F 10 , i.e. the class of the 3-dimensional K-contact B-metric manifolds is F 1 ⊕ F 8 ⊕ F 10 .
2.2.
Curvature properties of the considered manifolds. Using (12) and (15), we obtain the covariant derivatives of E i with respect to ∇. The non-zero ones of them are the following:
By virtue of the latter equalities and bearing in mind the definition equalities of the curvature tensor R, the Ricci tensor ρ, the * -Ricci tensor ρ * , the scalar curvature τ , its * -scalar curvature τ * and the sectional curvature k ij of the non-degenerate 2-plane {E i , E j } (17)
from Theorem 2.1 we obtain the following Theorem 2.7. The F 10 -manifolds (L, ϕ, ξ, η, g) are flat and the non-zero components of R, ρ, ρ * and the non-zero values of τ , τ * , k ij for the manifolds (L, ϕ, ξ, η, g) from the rest of the basic classes are the following:
F 9 :
Let us remark, on the 3-dimensional almost contact B-metric manifold with the basis {E 0 , E 1 , E 2 } defined by (9), we have two basic ξ-sections {E 0 , E 1 }, {E 0 , E 2 } and one basic ϕ-holomorphic section {E 1 , E 2 }.
According to Theorem 2.7, we obtain Theorem 2.8. For the F s -manifolds (L, ϕ, ξ, η, g), which do not belong to F 0 , the following propositions are valid:
(1) Only the F 1 -manifolds have a Kähler tensor R;
(2) An F 1 -manifold is flat if and only if α 2 = β 2 ; (3) All F 8 -manifolds and F 9 -manifolds have curvature tensors of the same form; (4) The curvature tensor of any F s -manifold (s = 4, 11) has the property R(x, y, ϕz, ϕw) = 0; (5) Every F s -manifold (s = 4, 11) has a vanishing * -Ricci tensor; (6) Every F s -manifold (s = 4, 8, 9 ) has a positive scalar curvature; (7) An F 1 -manifold (resp., F 11 -manifold) has a positive scalar curvature if and only if α 2 > β 2 (resp., α 2 < β 2 ); (8) Every F 5 -manifold has a negative scalar curvature; (9) An F 1 -manifold (resp., F 11 -manifold) has a negative scalar curvature if and only if α 2 < β 2 (resp., α 2 > β 2 ); (10) Every F s -manifold (s = 1, 4, 5, 8, 9 ) has a vanishing * -scalar curvature; (11) An F 11 -manifold has a vanishing * -scalar curvature if and only if αβ = 0 for α = β; (12) An F 11 -manifold has a positive (resp., negative) * -scalar curvature if and only if αβ < 0 (resp., αβ > 0); (13) Every F 1 -manifold has vanishing sectional curvatures of the ξ-sections; (14) Every F 4 -manifold has positive sectional curvatures of the basic ξ-sections; (15) Every F s -manifold (s = 5, 8, 9) has negative sectional curvatures of the basic ξ-sections; (16) An F 1 -manifold has a vanishing scalar curvature of the basic ϕ-holomorphic section if and only if the manifold is flat; (17) Every F s -manifold (s = 4, 11) has a vanishing scalar curvature of the basic ϕ-holomorphic section; (18) Every F s -manifold (s = 8, 9) (resp., F 5 -manifold) has a positive (resp., negative) scalar curvature of the basic ϕ-holomorphic section; (19) An F 1 -manifold has a positive (resp., negative) scalar curvature of the basic ϕ-holomorphic section if and only if α 2 > β 2 (resp., α 2 < β 2 ).
Taking into account (18), we get the following Corollary 2.9. The form of the Ricci tensor on (L, ϕ, ξ, η, g) in the respective basic class is:
Using Corollary 2.9 and (8), we obtain for the following Corollary 2.10. The form of the curvature tensor on (L, ϕ, ξ, η, g) in the respective basic class is:
Let (V, ϕ, ξ, η, g) be a vector space endowed with an almost contact structure (ϕ, ξ, η). The decomposition x = −ϕ 2 x + η(x)ξ generates the projectors h and v on (V, ϕ, ξ, η) determined by h(x) = −ϕ 2 x and v(x) = η(x)ξ and having the properties
Then we obtain the corresponding linear operators ℓ 1 , ℓ 2 , ℓ 3 in the space V * × V * of the tensors S of type (0,2) over (V, ϕ, ξ, η) defined in [1] :
The structure group G of (M, ϕ, ξ, η, g) is determined by G = O(n; C) × I, where I is the identity on Span(ξ) and O(n; C) = GL(n; C) ∩ O(n, n).
It is known [10] , the following orthogonal decomposition which is invariant with respect to the action of the structure group G:
where
Since the metrics g andg belong to V * × V * , then their components in the three orthogonal subspaces are:
On any almost contact B-metric manifold there are a pair of B-metrics (g,g) which restrictions on H = Ker(η) coincide with their ℓ 1 -images and are the real part and the imaginary part of the complex Riemannian metric g C , i.e. g C = g| H + ig| H = ℓ 1 (g) + iℓ 1 (g). Moreover, the restrictions of g andg on H ⊥ = Span(ξ) coincide with their ℓ 2 -images and η ⊗ η, i.e. g|
It is well known that a manifold is called Einstein if the Ricci tensor is proportional to the metric tensor, i.e. ρ = λg, λ ∈ R.
Then, bearing in mind the above arguments, it is reasonable to call a manifold M whose Ricci tensor satisfies the condition (19) ρ = λg + µg + νη ⊗ η an η-complex-Einstein manifold. The case of the η-complex-Einstein Sasaki-like manifolds is considered in [7] . If µ = 0 we call M an η-Einstein manifold. On the almost contact metric manifolds in [3] is studied the η-Einstein geometry as a class of distinguished Riemannian metrics on the contact metric manifolds. It is well-known [22] that λ and ν are constants if the almost contact metric manifold is K-contact and has dimension greater than 3.
It is meaningful to consider the Einstein property in the separate components ℓ i (ρ) and ℓ i (ρ * ), i = 1, 2, 3.
In [18] the following notions related to the Einstein condition are introduced. An almost contact B-metric manifold (M, ϕ, ξ, η, g) is called contact-Einstein if the Ricci tensor has the form ρ = λg|
According to Corollary 2.9, we obtain Proposition 2.11. The manifold (M, ϕ, ξ, η, g) is:
( 
An Example
In [8] is introduced a real connected Lie group L as a manifold from the class F 9 ⊕ F 10 . We consider now this example for dim L = 3 and give geometrical characteristics in relation with some previous results in this work. In this case L is a 3-dimensional real connected Lie group and its associated Lie algebra with a global basis {E 0 , E 1 , E 2 } of left invariant vector fields on L is defined by
where a 1 , a 2 are real constants. Actually, L is a family of Lie groups depending on the pair of real parameters. An invariant almost contact structure is defined by (9) and g is a pseudo-Riemannian metric such that (10) are valid. Thus, because of (1), the induced 3-dimensional manifold (L, ϕ, ξ, η, g) is an almost contact B-metric manifold.
Let us remark that in [21] the same Lie group with the same almost contact structure but equipped with a compatible Riemannian metric is studied as an almost cosymplectic manifold.
The non-zero components F ijk of the tensor F are following: Thus, it follows that (L, ϕ, ξ, η, g) ∈ F 9 ⊕ F 10 , bearing in mind (4) for µ = a 1 , ν = −2a 2 .
Further, we continue with examination of this family of almost contact B-metric manifolds.
Using (12), we obtain the covariant derivatives with respect to ∇ of E i for the manifold (L, ϕ, ξ, η, g):
By virtue of the latter equalities and bearing in mind the definition equalities (17), we get: (20) R 0110 = −R 0220 = R 1221 = −µ 2 , R 0120 = µν, ρ 00 = −2ρ 22 = −2µ 2 , ρ * 00 = 2ρ 12 = 2µν, τ = −2µ
2 , τ * = 2µν,
We obtain the form of the Ricci tensor ρ:
Consequently, bearing in mind (19) , (L, ϕ, ξ, η, g) is an η-complex-Einstein manifold with λ = 0.
According to (8) and (21), we obtain the following form of the curvature tensor:
If µ = 0, ν = 0, i.e. the manifold belongs to F 10 , then τ = τ * = 0. Therefore, (22) implies R = 0.
If ν = 0, µ = 0, i.e. the manifold belongs to F 9 , then τ * = 0, τ = 0 and
The latter conclusions support Corollary 2.9 and Corollary 2.10.
Taking into account (20) , we obtain that the sectional curvatures of the basic ξ-sections (respectively, the basic ϕ-holomorphic sections) are negative (respectively, positive) for (L, ϕ, ξ, η, g) ∈ F 9 ⊕ F 10 , which support Theorem 2.8 for F 9 and F 10 .
